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Integral Calculations of Melt-Layer Heat Transfer
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A theoretical analysis of a simple model for steady thermal ablation near the stagnation point of a blunt body
in hypersonic � ow is presented. The model consists of an inviscid � ow downstream of the bow shock, a hot air
boundary layer, a melt layer of the molten ablative, and the ablating solid. The different regions are properly
coupled by the boundary conditions on the interfaces. The analysis is based on the similarity formulation of the
governing equations of motion, and numerical solutions are obtained for the air boundary layer and the melt
layer with relative ease. A procedure is presented for implementing the coupling of various regions, including the
numerical solutions for the boundarylayerand the melt layer. Typical results of the applicationof the procedure are
presented to illustrate the solutionsof the complete ablationproblem based on the model; the solutionscover a wide
range of the values of various ablation parameters. These solutions are compared with the Karman–Pohlhausen
integral solutions presented earlier to assess the accuracy and the merits of the simpler integral method for such
aerodynamic ablation problems. Some possible improvements on the integral method are suggested.

Nomenclature
A = dimensionless parameter; Eq. (33a)
Acp = dimensionless parameter; Eq. (40a)
B = dimensionless parameter; Eq. (33b)
B¤ = dimensionless parameter; Eq. (40b)
C = constant in the viscosity– temperature relation for air
C p = speci� c heat at constant pressure
Qc = constant de� ned in Eq. (17)
E.1/ = constant de� ned in Eq. (21b)
F1 = x component of velocity in melt layer; Eq. (12)
F2 = z component of velocity in melt layer; Eq. (10)
f1 = similarity function in the air boundary layer; Eqs. (4)

and (5)
f2 = assumed solution in the melt layer; Eq. (41)
G2 = dimensionless temperature in the melt layer; Eq. (18)
g1 = dimensionless temperature in the air boundary layer,

T=Te; Eqs. (4) and (5)
H1 = total enthalpy of air in the freestream
I .1/ = constant de� ned in Eq. (21a)
K = effective Peclet number; Eq. (21c)
K1 = constant parameter of melt layer; Eq. (14a)
K2 = constant parameter of melt layer; Eq. (14b)
k = thermal conductivity
k2m = thermal conductivityof melt layer on the ablation front
l = length scale for the air boundary layer; Eq. (26a)
M1 = freestream Mach number
m = dimensionless parameter; Eq. (34)
N = Newtonian � ow parameter; Eq. (3)
Nm = dimensionless parameter for material properties in air

and melt; Eq. (35)
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Pr = Prandtl number
p = pressure
pb = surface pressure near the stagnation point
QL = latent heat of solid per unit mass
. Pq12/1 = heat � ux at air–melt interface (leaving air region)
. Pq12/2 = heat � ux at air–melt interface (entering melt region)
. Pq23/2 = heat � ux at melt–solid interface (leaving melt region)
R = radius of circular-nosedbody
R¤ = nondimensional temperature at air–melt interface,

T ¤=Te
r = shielding factor; Eq. (22)
Qr = modi� ed shielding factor, .k¤

2=k2m/r
T = temperature
.u; w/ = velocity vector
V = characteristicnormal velocity in air boundary layer;

Eq. (26b)
Wm = ablation speed
Wm = dimensionless ablation speed, Wm=V
.x; z/ = Cartesian coordinate system � xed on ablation front
Qx = x=z¤

z¤ = melt-layer thickness
z¤ = dimensionless melt-layer thickness, z¤=`
®1 = pro� le parameter of the air boundary layer
®2 = pro� le parameter of the air boundary layer
®3 = pro� le parameter of the melt layer
N® = effective thermal diffusivity
¯1 = inviscid velocity gradient at the stagnation point
° = speci� c heat ratio of the air
" = (unknown) constant in the velocity at the air–melt

interface
"A = (unknown) constant in the velocity at the air–melt

interface; Eq. (39a)
"B = (unknown) constant in the velocity at the air–melt

interface; Eq. (39b)
´1 = modi� ed similarity variable
´2 = similarity variable in the melt layer, z=z¤

2 = nondimensional temperature
¹ = dynamic viscosity
º = kinematic viscosity
º2 = average kinematic viscosity of the melt layer
½ = density
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¿ = shear stress
À = ablation parameter, identical to Q L =c3.Tm ¡ Ti )

Subscripts

e = conditions in the external inviscid � ow
i = conditions of the solid far away from the ablating front
m = conditions on the ablation front
0 = conditions at the stagnation point for inviscid � ow or at

the ablation front, z D 0
1 = conditions in the air boundary layer
2 = conditions in the melt layer
3 = conditions in the ablating solid
1 = conditions of freestream

Superscript

¤ = conditions at the air–melt interface

I. Introduction

A ERODYNAMIC ablation has long been recognized as one of
the most challenging problems in aerodynamic heating. The

nature of the physicalphenomenonmakes it necessary to couple the
convection in the � ow� eld outside the ablating solid and the con-
duction, including phase changes, in the solid, in any meaningful
theoreticalanalysisof the problem. In many important applications,
there is also a melt layer formed by the molten ablative, for exam-
ple, in the ablation of glassy materials as investigated by Hidalgo.1

The interactions between the melt layer and the external air� ow
and the ablating solid play a signi� cant role in the thermal protec-
tion of the solid structure and must be included in the analysis. Of
course, there may be many other complex physical–chemical pro-
cesses taking place in the ablating material, and their interactions
with the � ow� eld make the problemevenmore dif� cult.Theoretical
efforts aimed at providing a basic understanding of this extremely
complex phenomenon and identifying important parameters of the
problem for parametric studies often prove fruitful by developing
relatively simple mathematical models to address the essential ele-
ments of the aerodynamic ablation phenomenon.

An effort in this direction was recently made by the present
authors,2 and some results were reported. In Ref. 2, a mathemat-
ical model is presented for simple aerodynamic ablation to study
the basic elements of � uid dynamics and heat transfer associated
with steady, thermal ablation in the neighborhoodof the stagnation
pointof a two-dimensionalbody in hypersonic� ight.A three-region
structure is proposed (Fig. 1), including an indigenous melt layer
of the molten ablative. The � ow� eld and heat transfer in the melt
layer are carefully modeled and properly coupled to the air bound-
ary layer and the ablating solid through boundary conditionson the
interfaces. Parameters characterizingdifferent regions of the model
are identi� ed. The mathematical problem admits a class of simi-
larity solutions, and the theoretical analysis of the model can be
carried out with relative ease. To facilitate the coupling of solutions
of different regions to obtain the solutions of the whole ablation

Fig. 1 Ablation model structure (coordinate system � xed on ablation
front).

problem, analytical solutions for the boundary layer and the melt
layer by the Karman–Pohlhausen (KP) type of integral method are
also obtained. These analytical solutions exhibit an explicit depen-
dence on the key parameters of the ablation model, and their use
greatly reduces the computationalefforts required to implement the
coupling of the solutions for various regions. A procedure is then
developed in Ref. 2 to carry out the coupling and to compute the
approximate solutionsof the whole ablationproblem, and an exam-
ple of the application of the procedure is presented to indicate the
feasibility of obtaining such solutions. However, in the absence of
the exact solutions of the model problem, it is dif� cult to assess the
accuracy of the approximate solutions and to evaluate the validity
of the KP method for such applications.

In the present paper, we will present a procedure for computing
coupled solutions of the model problem, using the numerical solu-
tions for the air boundary layer and the melt layer and the analytical
solutions for the ablating solid. Extensive results of the application
of the procedure will also be included. On the basis of these more
exact calculations,the accuracyof the earlier approximatesolutions
will be assessed. Some preliminary results of the application of
Zien’s modi� ed KP method (see, for example, Refs. 3 and 4) to the
problem will also be presented and discussed. Finally, the merits
and validity of integral methods, and the KP method in particular,
for such aerodynamic ablation problems will be discussed.

II. Analysis
Results of Ref. 2 relevant to the present analysis will be brie� y

summarized for easy reference. Interested readers are referred to
Ref. 2 for further details.

A. Inviscid Flow

The inviscid� ow downstreamof the bow shock is solvedby using
the well-known Newtonian theory for blunt bodies, and the surface
pressuredistributionnear the stagnationpoint is given as follows5;6:

pb.x/ »D pe0 ¡ ½1u2
1x2 R2 (1)

where pe0 is the stagnation-point pressure in the Newtonian limit.
We note that Á D x=R ! 0, and also that p1 ¿ pe0 in this limit.

The inviscid pressure serves as the driving force for the entire
� ow� eld of the ablation model, and it determines the inviscid ve-
locity gradient at the stagnation point ¯1, that is,

¯1 D due

dx
0

D
u1

p
2.1 C N /

RM1
(2)

In Eq. (2), N is the Newtonian � ow parameter de� ned as

N D
M2

1.° ¡ 1/

.° C 1/
D O.1/ (3)

B. Stagnation-PointBoundary Layer (Region 1)

In termsof themodi� ed similarityvariables»1 and´1 , themomen-
tum and energy equations pertaining to the self-similar hypersonic
stagnation-pointboundary layers are written in the following set of
coupled ordinary differential equations for f1.´1/ and g1.´1/:

.C f 00
1 /0 C f1 f 00

1 C g1 ¡ . f 0
1/2 D 0 (4)

g00
1 C .Pr1=C/ f1g0

1 D 0 (5)

where f1.´1/ is related to the velocity u.x; y/ by

u D ¯1x f 0
1.´1/ (6)

and g1.´1/ is the nondimensional temperature, that is,

T=Te D g1.´1/ (7)

where Te is the temperature in the external inviscid � ow. The appro-
priate boundary conditions for f1 and g1 are

f1.0/ D 0; f 0
1.0/ D "; f 0

1.1/ D 1 (8a)

g1.0/ D T ¤=Te ´ R¤; g1.1/ D 1 (8b)



118 WEI AND ZIEN

where " and R¤ are unknownconstants(see Ref. 2) to be determined
by matching the solutions with the melt-layer solutions in region 2.

C. Melt Layer (Region 2)

The � ow in this region is modeled as viscous and incompress-
ible, and the conservationof mass and momentum can be expressed
in terms of the following single nonlinear ordinary differential
equation:

F 0000
2 C K2.F 0

2 F 00
2 ¡ F2 F 000

2 / D 0 (9)

In the preceding equation, F2.´2/ is the dimensionless normal ve-
locity de� ned by

w D Wm F2.´2/ (10)

where Wm is the constant (unknown) ablation velocity and ´2 is the
similarity variable de� ned as

´2 D z=z¤ (11)

with z¤ denoting the (constant) unknown melt-layer thickness.
Note that, in deriving these results, we have assumed the x com-

ponent of the velocity to be in the following form:

u D u¤ F1.´2/ (12)

where u¤ D "¯1x is the air speed at the interface,´2 D 1, and F1 and
F2 are related by

F 0
2.´2/ D ¡K1 F1.´2/ (13)

so that the continuityequationcan be satis� ed. The constantparam-
eters, K1 and K2 , which characterizethe melt-layer� ow are de� ned,
respectively, as follows:

K1 D "¯1z¤ Wm (14a)

K2 ´ Wm z¤ º2 (14b)

The boundary conditions for Eq. (9) are

F2.0/ D 1; F2.1/ D 0; F 0
2.0/ D 0; F 0

2.1/ D ¡K1

(15)

which satisfy the continuityof the velocity at the air–melt interface,
´2 D 1, and the no-slip condition at the ablation front, ´2 D 0.

Note that Eq. (9) can be integrated to give the following integral:

.F 0
2/

2 ¡ F2 F 00
2 C .1=K2/F 000

2 D Qc (16)

where the constant Qc can be determinedby the boundaryconditions,
Eqs. (15), for example, at ´2 D 1. We obtain

Qc D K 2
1 C .1=K2/F 000

2 .1/ (17)

The constant Qc appears in the melt-layer pressure � eld and is, there-
fore, an important parameter in coupling the melt-layer region and
the air boundary layer. In this form, the x dependence of the melt
� ow is represented by u¤ .D "¯1x/, as discussed in Ref. 2.

The energy equation can be solved analytically in terms of F2,
with the approximation that the dimensionless temperature 22, de-
� ned as

22.´2/ ´ .T ¡ Tm/ T ¤ ¡ Tm D G2.´2/ (18)

is only weakly dependent on x , that is, the thin melt-layer approxi-
mation. Thus, the equation for G2 is given by

KF2.´2/
dG2

d´2
D d2G2

d´2
2

(18a)

with G2.0/ D 0 and G2.1/ D 1. The solution is easily obtained as2

G2.´2/ D I .´2/= I .1/ (18b)

where

I .1/ D
1

0

exp K
´2

0

F2 d´2 d´2 (19a)

E.1/ D exp K
1

0

F2 d´2 (19b)

K ´
Wm z¤

N®2

(19c)

K is the effective Peclet number of the melt layer.
The heat � uxes entering the melt layer, . Pq12/2, and leaving the

melt-layer, . Pq23/2 , are, respectively,

. Pq12/2 D k¤
2 T ¤ ¡ Tm z¤ [E.1/= I .1/] (20)

. Pq23/2 D k2m T ¤ ¡ Tm z¤ [1=I .1/] (21)

The shielding factor r , de� ned as

r D
. Pq23/2

. Pq12/2

(22)

is given by

r D k2m k¤
2 [1=E .1/] (23a)

and the modi� ed shielding factor, Qr D r .k¤
2=k2m /, is given by

Qr D 1=E.1/ D Qr.K ; K1; K2/ (23b)

Note that the shielding factor measures the effectiveness of the
melt layer in reducing the thermal load on the solid structure,and it,
of course, dependson the � uid dynamic and heat transfer properties
of the layer as characterizedby the parameters K ; K1, and K2.

D. Ablating Solid (Region 3)

Assuming a one-dimensional heat conduction model for the ab-
lating solid, we can obtain the temperature distribution in a simple
closed form.2 The result is

23 D .T ¡ Ti /=.Tm ¡ Ti / D exp.Wm z= N®3/ (24)

where Ti is the temperature of the solid far away from the ablating
front, z D 0. The energy balance on the ablation surface provides
the coupling between the melt layer and the ablating solid, that is,

. Pq23/2 D c3½3Wm .Tm ¡ Ti /.1 C À/ (25)

where À ´ Q L =c3.Tm ¡ Ti / is an ablation parameter.
Note that the heat conduction in the solid is modeled as one di-

mensional, for simplicity.This simplifyingassumption is consistent
with theapproximationthat the temperature� eld in theexternalmelt
layer is only weakly dependent on x , as discussed earlier.

E. Length and Velocity Scales

For computationalconvenience,dimensionlessquantitieswill be
used. Thus, we introduce the reference length l and reference ve-
locity V as

` D º¤
1 ¯1

1
2 (26a)

V D ¯1º
¤
1

1
2 (26b)

Using l and V , we de� ne dimensionlessmelt-layer thicknessz¤ and
dimensionless ablation speed Wm as follows:
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z¤ D z¤=` (27a)

Wm D Wm=V (27b)

F. Coupling

The interface boundary conditions at the air–melt interface,
z D z¤, are continuity of velocity and temperature, which have al-
ready been incorporatedinto the formulation of the problem. Addi-
tional matching conditions are . Pq12/1 D . Pq12/2, pb.x/ D p¤

2.x/, and
¿ ¤

1 D ¿ ¤
2 , in parentheses, that is (shear-stresscontinuity). These con-

ditions lead to the following equations:

C p2

C p1
A D

Pr2

Pr1

¹¤
1

¹¤
2

I .1/

E .1/
z¤g0

1.0/ (28)

" D M1
½1

½2

K 2
1

Qc
1

1 C N

1
2

(29)

z¤ D ¡"
¹¤

2

¹¤
1

1
K1

F 00
2 .1/

f 0
1.0/

(30)

The energy balance on the melt–solid interface, Eq. (25), can be
written in terms of the dimensionless quantities as follows:

B
º¤

1 k2m

c3½3

D Wm z¤ I .1/ (31)

Also, Eqs. (14a) and (14b) can be rewritten in terms of z¤ and Wm as

K1 D " z¤ Wm (32a)

K2 D Wm z¤ º¤
1 º2 (32b)

Equations (17) and (28–32b) form a system of seven equations
for the seven unknowns, that is, ", R¤, K1 , K2 , Qc, z¤, and Wm ,
given the freestream conditions and the properties of the materials
involved.

In the preceding system of equations, we have introduced two
additional dimensionless parameters, A and B, that relate, respec-
tively, to the freestream energy level Teo and the thermal potential
of the original ablative .Tm ¡ Ti /. They are de� ned by

A ´ T ¤ ¡ Tm Teo (33a)

B ´ T ¤ ¡ Tm .Tm ¡ Ti / [1=.1 C À/] (33b)

Note that in deriving Eq. (28) we have used H1 D C p1Teo, where H1

is the total energy of the freestream.

III. Coupling Procedure
The system of Eqs. (17) and (28–32b) includes quantities f 00

1 .0/,
g0

1.0/, F2.´2/, F 00
2 .1/, and F 000

2 .1/ that are part of the solutions of
the differential equations (4), (5), and (9). Numerical solutions of
these were obtained in Ref. 2, but the coupling was accomplished
using the KP integral solutions for regions 1 and 2. The required
computationof the approximatesolutionswas relativelyeasy,owing
to the explicit dependence of the approximate solutions on various
parameters.

In this paper, we will present a procedure for the coupling based
on the numerical solutions for the air boundary layer and the melt
layer. The complete solutions are, therefore, more accurate than
those presented in Ref. 2, and they can be used to determine the
accuracy of the previous solutions. On the basis of the comparison,
the relative merits of the KP method for the aerodynamic ablation
problems can be reasonably assessed.

To proceed,we will follow the inverse approach,which was con-
veniently used in Ref. 2 by specifying a set of values for " and
R¤ and obtaining the solutions for the parameters A and B. Unlike
the procedure of Ref. 2, the present procedure necessarily involves
the solutions of the differential equations and their boundary condi-

tions, Eqs. (4), (5), (8), (9), and (15), in its iteration process, and the
computational labor is obviously greater. However, the procedure
can be made more ef� cient if use is made of the KP solution as the
initial guess.

To be consistent with the notations used in Ref. 2, we introduce
the following parameters in the computation:

m D M2
1.½1=½2/[1=.1 C N /] (34)

Nm D Nº2 º¤
1 ¹¤

1 ¹¤
2

2
(35)

Equation (29) can be rewritten as

"2 D m K 2
1 K 2

1 C F 000
2 .1/=K2 (36)

where Eq. (17) was used.
Equations (32a) and (32b) and Eq. (30) can be combined to give

the following equation:

"2 D Nm K 3
1 K2

f 00
1 .0/

F 00
2 .1/

2
2
3

(37)

Equations (36) and (37) form the basis of the iteration in the present
procedure.The computational procedure is outlined as follows:

1)Assigna set of valuesto " and R¤, andsolveEqs. (4), (5), and (8)
for f1.´1I "; R¤/ and g1.´1I "; R¤/, numerically,by the well-known
fourth Runge–Kutta shooting method, as in Ref. 2.

2) Also, for the values of " and R¤ chosen in step 1 and the pre-
scribed values of m and Nm , obtain the KP solution of the coupled
ablation problem by the procedure of Ref. 2. Speci� cally, for given
values of ", R¤ , and m, the previous KP procedure gives solutions
of K1 and K2 as functionsof Nm (see, for example, Fig. 8 of Ref. 2).
Therefore, we have the following results from the KP coupling pro-
cedure used in Ref. 2:

K1 D K1 Nm I "; R¤; m (38a)

K2 D K2 Nm I "; R¤; m (38b)

The values of K1 and K2 will be used as the initial guesses for the
present iteration procedure.

3) Use the values of K1 and K2 obtained in step 2 in the nu-
merical solution of Eqs. (9) and (15) for F2.´2I K1; K2/. Again, the
fourth-order Runge–Kutta shooting method is used. Calculate the
corresponding" by Eqs. (36) and (37), respectively, to give

"2
A D m K 2

1 K 2
1 C F 000

2 .1/=K2 (39a)

"2
B D Nm K 3

1 K2
f 00
1 .0/

F 00
2 .1/

2 2
3

(39b)

basedon the valuesof f 00
1 .0/ obtainedin step 1 and F 00

2 .1/ and F 000
2 .1/

obtained in step 3.
4) Using the differencesin ", 1"A D j" ¡ "A j and 1"B D j" ¡ "B j,

as a measureof convergence,repeatstep3 by choosingnew valuesof
K1 and K2 as .K1i ; K2 j / D .K1 C i1K1; K2 C j1K2/ where i and
j are integers increasing from 1 to 10 and 1K1 and 1K2 are some
appropriate increments of K1 and K2 in the iteration. The criteria
used for convergencein the present computations are arbitrarily set
at 1"A and 1"B < 10¡6 .

5) When the convergencecriteria are met, the correspondingval-
ues of K1 and K2 are accepted as the coupled solutions from which
F2.´2I K1; K2/, I .1/, and E.1/ are calculated.The melt-layer � ow
is, thus, determined for a set of given values of the parameters ",
R¤, m, and Nm .

6) Equations (32a) and (32b) are used to give the solutions of z¤

and Wm , and � nally Eqs. (28) and (31) are used to give solutions for
A and B as

Acp ´
Cp2

Cp1

A (40a)
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B¤ ´ B
º¤

1 k2m

c3½3

(40b)

7) To � x the idea, all of the calculations in the present paper
are based on Pr1 , Pr2, c, and º¤

2 =º¤
1 D 0:7; 0:5; 1:0, and 2:5 £ 10¡4,

respectively.

IV. Results and Discussion
The coupling procedure was carried out successfully in the

present investigation, and converged solutions were obtained over
a wide range of the parameters, ", R¤, m, and Nm . The ranges
of the parameters covered are 0:06 · R¤ · 1:0, 0:05 · " · 0:28,
0:05 · m · 1:0, and 0:05 £ 10¡6 · Nm · 0:05. Selected results are
presented in this paper, along with the corresponding results ob-
tained using the previous KP coupling procedureof Ref. 2. The ac-
curacyof the KP couplingresultscan, thus,be discussedon the basis
of the comparison. Following the presentation used in Ref. 2, we
will use Nm as the independentparameter in presenting the present
results, with " and R¤ D 0:2 and 0.4 and m D 0:1 and 0.2.

A. Melt-Layer Pro� les

We solved Eqs. (9) and (15) numerically to obtain the melt-layer
pro� les F2.´2/, F1.´2/, and G2.´2/ for some given valuesof K1 and
K2. The purpose is to determine the sensitivityof the pro� les to the
parameters K1 and K2 , which are the basicquantitiesobtainedin the
coupling scheme. Typical results are presented in Figs. 2a and 2b.
Figure 2a shows the dependence of the pro� les on K2 for a � xed
value of K1 D 1:52, and Fig. 2b shows the pro� le dependenceon K1

for a � xed valuesof K2 D 0:65. The results indicate that the effect of

a) K1 = 1.52

b) K2 = 0.65

Fig. 2 Numerical solutions for melt-layer pro� les dependence on K1
and K2 .

a) K1(Nm )

b) K2(Nm )

Fig. 3 Coupled solutions of model ablation problem, ", R¤ , and m =
0.2, 0.4, and 0.1.

K2 on G2 is much more pronouncedthan on F1 and F2 (Fig. 2a) and
that the dependence of F1 on K1 is much stronger than that of F2

and G2 (Fig. 2b). The result is to be expected in view of the explicit
dependence of F1 and K1 as shown in Eq. (13) and the explicit
dependence of G2 and K2 in the analytical solution of G2 (see
Ref. 2, note that K D Pr2 K2). However, note that in either case, the
pro� le dependence on the parameters K1 and K2 is only moderate.

B. Coupling Parameters K1 and K2

Figures 3a, 3b, 4a, and 4b show the basic results of the coupling
given in terms of the melt-layer parameters K1 and K2 as functions
of Nm for given values of the parameters ", R¤, and m that char-
acterize the air boundary layer. Figure 3a shows the results of K1,
and Fig. 3b shows the results of K2 for ", R¤, and m D 0:2, 0.4,
0.1. Both the present solutions and the previous KP solutions are
included. Figures 4a and 4b show similar results, but for m D 0:2.
It appears from these results that the KP solutions are reasonably
accurate for a wide range of Nm , at least for the values of ", R¤, and
m used in the computation.

C. Melt-Layer Pro� les

The melt-layer pro� les, F1 , F2 , and G2 , of the coupled solutions
are shown in Figs. 5 and 6 corresponding, respectively, to ", R¤,
m, and Nm D 0:2, 0.4, 0.1, and 0:75 £ 10¡6 and 0.2, 0.4, 0.2, and
0:75 £ 10¡6 . It is clear that the KP solutions agree exceedinglywell
with the numerical solutions in both cases. This can be explained
by the weak dependence of the pro� les on K1 and K2 as discussed
in Sec. IV.A, noting that the coupled KP solutions of K1 and K2 are
in good agreement with those of the coupled numerical solutions
(Figs. 3 and 4).

D. Solutions of the Selected Examples

The rest of the solutionsof the inverseproblem, Acp, B¤, Qr , z¤, and
Wm , are shown in Figs. 7–10. Again, the corresponding solutions
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a) K1(Nm )

b) K2(Nm )

Fig. 4 Coupled solutions of model ablation problem, ", R¤ , and m =
0.2, 0.4, and 0.2.

Fig. 5 Melt-layer pro� les, coupled solutions, ", R¤ , m, and Nm = 0:2,
0.4, 0.1, and 0.75 £ £ 10¡ 6.

by the previous KP coupling procedure are also included for com-
parison, and results are presented for ", R¤, and m D 0:2, 0.4, and
0.1 in Figs. 7a and 7b and 8a–8c and for ", R¤, and m D 0:2, 0.4,
and 0.2 in Figs. 9a and 9b and 10a–10c. The approximate KP solu-
tions of z¤ and Wm are seen to compare favorably with those of the
numerical solutions in the range of parameters covered in the study.
However, the accuracy of the KP solutions for Acp is found to be
not as good, especially for larger values of Nm . This is because the

Fig. 6 Melt-layer pro� les, coupled solutions, ", R¤ , m, and Nm = 0:2,
0.4, 0.2, and 0:75 £ £ 10¡ 6.

a) Acp (Nm )

b) B ¤ (Nm )

Fig. 7 Solutions of Acp and B¤ as functions of Nm ; ", R¤ , and m = 0.2,
0.4, and 0.1.



122 WEI AND ZIEN

a) Är (Nm )

b) z ¤ (Nm )

c) Wm (Nm )

Fig. 8 Solutions of Är, z ¤ , and Wm as functions of Nm; ", R¤ , and m =
0.2, 0.4, and 0.1.

quantity Acp depends directly on g0.0/ [Eq. (28)], which was not
predictedaccuratelyby the KP method (see Ref. 2). The need for an
improved KP method for the approximate solution of the problem
is, thus, suggested.

V. Re� ned KP Method
As was demonstrated in Ref. 2, the implementation of the cou-

pling procedure for the three main regions of the present ablation
model can be made much easier by using the analytical solutions
of the KP integral method for the air boundary layer and the melt
layer.The resultspresentedin this paperprovideadditionalevidence
of the merits of the integral method. However, as was discussed in
Sec. IV, in the calculation of certain quantities of the model, an
improvement in the accuracy of the KP method still appears desir-
able. In the present study, an effort in this direction is also made
by applying the re� ned KP method developed by Zien (see, for ex-
ample, Refs. 3 and 4) to the solutions of the melt-layer � ow and
heat transfer, and some preliminary results will be discussed here.
We note that some integral solutions of the air boundary layer (re-
gion 1) by Zien’s method have alreadybeenpresentedand discussed
in Ref. 2.

Brie� y, the re� ned KP method attempts to improve the accuracy
of the boundary derivative of the solution of a given differential
equation. It makes a combined use of the integral of the original
differential equation and the integral of a moment of the original
equation.3;4 By doing so, the boundary derivative of the solution
can be calculated on the basis of some integrals involving the ap-
proximatesolutionassumed in the method, insteadof directly taking
the derivativeof the approximatesolution itself. Physically, the idea

a) Acp(Nm )

b) B ¤ (Nm )

Fig. 9 Solutions of Acp and B¤ as functions of Nm ; ", R¤ , and m = 0.2,
0.4, and 0.2.

is to base the evaluation of the boundary derivative, which usually
represents some kind of � ux (moment or energy) at the boundary,
on the appropriate conservation law for the given domain under
consideration.Better accuracy is, thus, expected as a result.

In the present ablation model, coupling between the melt layer
and the air boundary layer involves boundary derivatives F 000

2 .1/
and F 00

2 .1/ [Eqs. (17) and (30)], and their accuracy will obviously
affect the accuracy of the complete coupled solution of the ablation
problem. In the following, we will use the re� ned KP method to
calculated the boundary derivative F 000

2 .1/ of the differential equa-
tion, Eq. (9), and its boundaryconditions,Eq. (15). Other boundary
derivatives appear in the solution process. For this reason, we re-
fer to the results obtained as preliminary. Further improvements are
possible and should be carried out to exploit the full potential of the
ideas underlying the re� ned KP method.

To proceed, we � rst assume an approximate solution of the fol-
lowing polynomial form:

f2.´2/ D 1 C .¡3 C K1 C ®3/´
2
2 C .2 ¡ K1 ¡ 2®3/´3

2 C ®3´
4
2 (41)

The assumed solution [Eq. (41)] satis� es the boundary conditions
[Eq. (15)].

Integration of Eq. (9) gives

F 000
2 .1/ D F 000

2 .0/ ¡ K2

1

0

.F 0
2 F 00

2 ¡ F2 F 000
2 / d´2 (42)

After integrationby partsand makinguseof theboundaryconditions
[Eq. (15)], we have

F 000
2 .1/ D F 000

2 .0/ ¡ K2 K 2
1 ¡ K2 F 00

2 .0/ (43)

In the classicalKP method,Eq. (43) alonedeterminesthe solution
parameter ®3 , after substituting f2 for F2 . The boundary derivatives
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a) Är (Nm )

b) z ¤ (Nm )

c) Wm (Nm )

Fig. 10 Solutions of Är, z ¤ , and Wm as functions of Nm ; ", R¤ , and
m = 0.2, 0.4, and 0.2.

are obtained directly by taking derivativesof the approximate solu-
tion f2. Speci� cally,

F 000
2 .1/ D f 000

2 .1/ D 6.2 ¡ K1 C 2®3/ (44)

In the present re� ned KP method, Eq. (43) is used only as an ex-
pression for the boundary derivative F 000

2 .1/, and a second equation
is generated by integrating the ´2 moment of Eq. (9), that is,

F 000
2 .1/ ¡ F 00

2 .1/ C F 00
2 .0/ C K2 K 2

1 ¡ 2K2

1

0

.F 0
2/

2 d´2 (45)

We use Eqs. (43) and (45) to determine the solution parameter ®3

and the boundary derivative F 000
2 .1/ with the substitution F2 D f2 for

all other terms in these two equations.Note that the other boundary
derivatives including F 00

2 .1/ are still calculated by directly taking
the derivative of the approximation solution f2 , for example,

F 00
2 .1/ D f 00

2 .1/; etc: (46)

after ®3 is determined.
To improve the accuracy of the boundary derivatives further, we

can generate more moment-like equationsso that taking derivatives
of the approximate solution can be avoided to the extent desired.
This may be a worthwhile study to pursue in the future.

For the presentapplicationof the re� ned KP method, we have the
followingequationsderivedfromEq. (43)andEq. (46), respectively,

a) F0 0 0
2

(1)

b) Äc

c) F0 0
2

(1)

Fig. 11 Boundary derivatives of melt-layer velocity, K1 = 3.

F 000
2 .1/ D 12 ¡ 6.K1 ¡ K2/ ¡ K1 K2.2 C K1/ ¡ 2.6 C K2/®3 (47)

1
7
K2®2

3 ¡ 45 C 15
2

K2 ¡ 1
2
K1 K2 ®3 C K2

27
2

¡ 6K1 ¡ K 2
1 D 0

(48)

For a given set of values for K1 and K2, Eqs. (47) and (48) determine
the solution parameter ®3 and the boundary derivative F 000

2 .1/.
Figures 11 and 12 give some preliminary results of the applica-

tion of the re� ned KP method (Zien’s3;4 method) to the calculation
of boundary derivatives of the melt-layer � ow equation, Eqs. (9)
and (15). Numerical solutions and the classical KP solutions are
also included for comparison. Results of F 000

2 .1/, F 00
2 .1/, and Qc are

presentedas functionsof K2 for the � xed values of K1 D 3 (Fig. 11)
and K1 D 2 (Fig. 12). Note that the results of F 00

2 .1/, though denoted
as Zien’s solutions in Figs. 11c and 12c, are actually obtained by
takingdirectderivativeof the approximatesolution f2 [see Eq. (46)].

Figures 11a, 11b, 12a, and 12b show clearly that the results of
F 000

2 .1/ and Qc calculated by the re� ned KP method are superior to
those calculatedby the classical KP method, as expected. However
the corresponding results of F 00

2 .1/ presented in Figs. 11c and 12c
are less satisfactory. The dif� culty can be attributed to the way
F 00

2 .1/ is calculated, as was noted. This � nding points to the need
for additional moment equations for use in the re� ned KP method
to avoid taking the direct derivative of the approximate solution
in calculating any boundary derivatives.The implementationof the
couplingprocedureusing the Zien’s solutions3;4 for the air boundary
layer and the melt layer will not be pursued until an appropriate
improvement in F 00

2 .1/ calculations is achieved.
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a) F 0 0 0
2

(1)

b) Äc

c) F0 0
2

(1)

Fig. 12 Boundary derivatives of melt-layer velocity, K1 = 2.

VI. Application
It is believed that the relatively simple solution of the ablation

� ow� eld presentedhere and in Ref. 2 can perhapsbe used as a start-
ing point in the study of the effects of particles/droplets in the gas
stream, for example, aluminum oxide particles in the solid rocket
exhaust in the operation of vertical missile launchers.Here one can
consider the case of a small particle volumetric fraction so that the
particle effectscan be treated as a small perturbationto the basic ab-
lation � ow� eld. The dynamic and thermal behavior of the particles
can then be studied as they travel through a given � ow and ther-
mal � eld, and a simpli� ed form of the mechanical erosion/ablation
problem (see, for example, Cheung et al.7 ) can be conveniently
studied.

VII. Concluding Remarks
On the basis of the comparison of the present results and the KP

results reported in Ref. 2 for the coupledablationproblem, the accu-
racy of the approximateKP solutions has been reasonablyassessed.
The simplicity of the KP method makes it a valuable tool for en-
gineering estimates of various ablation parameters for preliminary
design studies,and the KP solutionsalso prove to be useful as initial
guesses in the iteration process of the present procedureof coupling
the numericalsolutionsfor differentregions. In this regard,note that
the converged solution obtained in the present studies of coupling
numerical solutions corresponds only to the initial guess provided
by the approximate KP solution. The question of uniqueness of the
present solution is dif� cult to address. With the solution procedure
being an inverse approach in nature, the errors in the approximate
integral solution are given in terms of the freestream and initial
conditions A and B, and it is not obvious how to infer the corre-
sponding errors in the solutions of the direct problem ", R¤, z¤, etc.,
from the errors in the present inverse solution. Also, it would be
interesting and useful to apply the present nondimensional results
to a practical case of melting ablationand present the corresponding
results in dimensional form. This task, while straightforward, will
require the data of transport/thermodynamic properties of the ma-
terials pertinent to the model, and it will be carried out in a future
study.

An effort to improve the accuracy of the KP solution is made by
applying Zien’s3;4 re� ned KP method, but some preliminary results
indicate that additionalmoment equationsare perhapsneeded in the
application of the method to accomplish the objective. This means
that thepossibleimprovementwill be at the expenseof the simplicity
of the original integral method.
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